We state and prove a simple Theorem that allows one to generate invariant quantities in Metric-Affine Geometry, under a given transformation of the affine connection. We start by a general functional of the metric and the connection and consider transformations of the affine connection possessing a certain symmetry. We show that the initial functional is invariant under the aforementioned group of transformations iff its Γ-variation produces tensor of a given symmetry. Conversely if the tensor produced by the Γ-variation of the functional respects a certain symmetry then the functional is invariant under the associated transformation of the affine connection. We then apply our results in Metric-Affine Gravity and produce invariant actions under certain transformations of the affine connection.
I. INTRODUCTION
A differential manifold, of a generic dimension n, is specified once a metric g and an affine connection ∇ are given. Then, the manifold is denoted as (M, g, ∇) and in general possesses curvature, torsion and non-metricity. Setting both torsion and non-metricity to zero, one recovers the so-called Riemannian Geometry [1] which is completely characterized by the metric alone 1 . It is also possible to impose vanishing curvature and nonmetricity and obtain the well known teleparallel scheme sourced by torsion [2] . Yet another possibility is to impose vanishing curvature and torsion and allow only for non-metricity to arrive to a symmetric teleparallel geometry [3, 4] . More generally, imposing only vanishing curvature one obtains a generalized teleparallel geometry admitting both torsion and non-metricity [5] . Letting all the above geometrical properties of the manifold unconstrained we are in the realm of a non-Riemannian Geometry [6] . The corresponding Gravity Theory that is described by such a generalized geometry is called Metric-Affine Gravity(MAG) [7] [8] [9] [10] and admits both torsion and non-metricity along with curvature.
Metric-Affine Gravity provides a well motivated and important generalization of General Relativity, where the intrinsic properties of matter like spin, shear and dilation contribute to the Gravitational field through the hypermomentum tensor [11] . In the same manner that the energy momentum tensor induces curvature, the hypermomentum induces torsion and non-metricity which setup a non-Riemannian arena for Gravity. Interesting models of matter with hypermomentum (hyperfluids) have been proposed in [12, 13] and their Cosmological implications are well worth investigating. We should note that if the Gravitational action is invariant under a certain transformation of the affine connection, this invariance gives restrictions on the hypermomentum. The most common * diosifid@auth.gr 1 As it is well known, in this case the connection is the Levi-Civita and it is completely determined by the metric tensor and its derivatives.
example of the later being the projective invariance of the Einstein-Hilbert action [7, 10, [14] [15] [16] which implies that the hypermomentum has an identically vanishing trace when contracted in its first two indices. Therefore we see that connection transformations are very interesting and Gravitational actions that are invariant under certain groups of transformations of the affine connection will have associated matter actions that should also respect that symmetry. It is the purpose of this article to study such connection transformations and their relevance with functional invariance. More specifically, we state and prove a Theorem that relates the invariance of a functional, under certain transformations of the affine connection, with the symmetries of the tensor obtained by the Γ-variation of the functional. The paper is organized as follows. We first define the basic geometrical objects of a non-Riemannian Geometry. Then we discuss general and special transformations of the affine connection and introduce the nomenclature and the definitions that we are going to be using throughout. We then state and prove our Theorem and derive three corollaries that follow immediately. Finally, we discuss the applications of the Theorem in Metric-Affine Gravity and we show how it can be used to derive invariant Gravity actions under connection transformations. In particular we reproduce the results for the projective invariant quadratic (in torsion and non-metricity) action of [17] and we also derive the constraints for an enhanced invariance. We then conclude our results and also discuss other possible applications.
II. GEOMETRICAL OBJECTS
The structure of a manifold is determined by the metric tensor g µν which measures distances, defines dot products and raises and lowers indices and also by the affine connection Γ λ µν (oftentimes denoted just by ∇) which defines the parallel transfer of tensor fields through covariant differentiation. In our conventions the covariant derivative of, say, a (1, 1) type tensor reads
Continuing, we define the torsion tensor as the antisymmetric part of the affine connection
(2) which naturally arises by acting the antisymmetrized covariant derivative on a scalar
Letting the latter operator act on a vector u µ we obtain
is the so-called Riemann or Curvature tensor and the horizontal bars around an index denote that this index is left out of the (anti)-symmetrization. In non-Riemannian Geometries the only symmetry of the curvature tensor is antisymmetry in its last two indices as it is obvious by its definition. Without the use of any metric, we can construct the two independent contractions
The former defines as usual the Ricci tensor while the latter is frequently refereed to as homothetic curvature and is of purely non-Riemannian origin. Once a metric is given we can form yet another contractioň
However, the Ricci scalar is still uniquely defined since
Going back to the torsion tensor, by contraction in the last two indices we may define the torsion vector S µ := S λ µλ (9) which exists for arbitrary space dimension-n. For n = 4 in particular we can also define the torsion pseudo-vector
where ǫ µαβγ is the d − dimensional totally antisymmetric Levi-Civita tensor. Now, for generic geometries the metric tensor is not covariantly conserved, and exactly this incompatibility 2 defines the non-metricity tensor
2 If ∇αgµν = 0 for some connection Γ λ µν the metric is said to be compatible with the connection.
We can then contract the above in two independent ways, to get the two non-metricity vectors
The former goes by the name Weyl vector, while the latter does not seem to have a particular name in the literature. The general non-Riemannian space that has all of its geometrical objects unconstrained will be denoted as L n . In what follows we consider connection transformations and expand on the tools we are going to use for the Theorem.
III. LINEAR TRANSFORMATIONS OF AFFINE CONNECTION
A general shift transformation of the affine connection
where N λ µν is a type (1, 2) tensor, induces changes on the various geometrical objects of an L n . For instance, torsion and non-metricity change according to
respectively. Two immediate results of the above are the following; any transformation of the form (13) with N α[µν] = 0 preserves torsion and any transformation of the form (13) with N (αµ)ν = 0 preserves non-metricity. It is also obvious there there is no transformation of the affine connection that preserves both torsion and nonmetricity at the same time. In addition, under the connection transformation (13) the Riemann tensor transforms as
where ∇ µ and S λ αβ are the covariant derivative and the torsion tensor computed with respect to the initial connection Γ λ µν . Let us now discuss vectorial transformations. In any dimension, there exist three independent such transfor-
which we shall call transformation of the 1 st , 2 nd and 3 rd kind respectively. This nomenclature will make sense in the proceeding sections. Transformations of the 1 st kind are also known as projective transformations [6, 18] . Note that in 4-dimensions there is also another possibility, namely
where ǫ µνρσ is the Levi-Civita tensor and K µ an arbitrary pseudo-vector. However, since we want to keep our discussion as general as possible (for any dimension) we will mainly consider transformations of the above three kinds.
A general vectorial transformation of the affine connection will therefore read
where ξ µ , ζ µ , and χ µ are in general independent vector fields. If these fields are parallel (i.e there exist λ 1 ,λ 2 and
Note that for specific values of the λ ′ i s one obtains the Weyl geometry and its torsionful extensions considered in [19, 20] . We will come back to all of the above transformations and also discuss functional invariance with respect to those, after we present our Theorem. We shall now continue with some definitions.
IV. DEFINITIONS USED FOR THE THEOREM
Before presenting our Theorem, it would be first useful to introduce the two definitions below. Definition 1. Let N αµν be a type-(0, 3) tensor of a given symmetry S N in its indices. We shall write
whereŜ N is the symmetry operation applied on N αµν . This symmetry operation can also be applied to another tensor Ψ αµν of the same rank and we writê
which says that the index symmetry of N αµν is passed over to Ψ αµν .
The above definition shall become clear with the following example. Example. Let N αµν be a tensor that is symmetric in its first two indices, we then have
where in this instanceŜ N means 'Symmetrize in the first two indices'. We also havê
as well as
be a type (2, 1) tensor (or tensor density). Define the three independent contractions
We shall call them 1 st , 2 nd and 3 rd contraction of Ψ µν λ . That is the 1 st contraction involves contraction between first and second indices, the second between second and third etc. With the help of the above definitions we are now in a position to present our Theorem. where N λµν =Ŝ N N αµν is a tensor of a given symmetrŷ S N , thenŜ
Conversely, if (32) holds true the initial scalar Ψ (and subsequently the functional J) is invariant under the connection transformation (31).
Proof. We will start by first proving the ′′ ⇒ ′′ part. Since by hypothesis Ψ (and also J) is invariant under the transformation (31) provided that N λµν =Ŝ N N αµν , we have δ Γ J = 0 (33) and by expanding we get
but since S N N αµν is arbitrary we conclude that
Conversely, given that (35) holds true we compute
and therefore the functional (29) is invariant under transformations of the form (31) provided that N αµν = S N N αµν .
As an immediate application of the above Theorem we claim the following corollaries. 
That is, the three traces are linearly dependent.
Note that special cases of the above give the results of Corollary 1. In addition for the parameter choice λ 1 = λ 2 = −λ 3 one obtains invariance under a Weyl transformation of the connection. To be more precise, if it holds that
then the functional (29) is invariant under connection transformations of the form
Let us now discuss some physical applications of the above Theorem.
VI. APPLICATIONS TO GRAVITY
Our Theorem and its subsequent corollaries find its nature application on the scheme of Metric-Affine Gravity. For instance it can be applied for obtaining Theories that are invariant under projective transformations of the connection, or even more general ones. The powerful use of our Theorem is that it can be applied conversely, as we have shown. That is, we can obtain actions invariant under a specific group of connection transformations by simply looking at the symmetries and constraints of its Γ-variation. The advantage is that even though it is a difficult task to find invariant actions, on the other hand, it is straightforward to take contractions and symmetrizations of a given tensor. Our result shows that one implies the other and vice versa and we therefore have a powerful tool for obtaining invariant actions just by looking at the symmetries of the corresponding Γ-variation of the action. The idea will become clear with the following examples.
Example-Application. Let us consider the quadratic action of [17] 
This is the most general parity even action that is quadratic in torsion and non-metricity [5, 17] . We will now show how one can restrict the parameter space in order to obtain a projective invariant Theory without computing the change in S directly but by simply looking at its Γ-variation. Indeed, varying the above with respect to the connection, we have [17] Ψ µν
where
Taking the first contraction of Ψ µν λ it follows that 5
Now demanding a vanishing first contraction we get the constraints 4(2a 1 + 2na 3 + a 5 ) − c 1 + (1 − n)c 2 = 0 (50)
which in turn, by virtue of our Theorem, imply that our starting action 6 is projective invariant for this parameter choice. Note that the above three conditions on the parameters are in perfect agreement with the constraints for a projective invariant Theory obtained in [17] and here we obtained them almost without effort. Note also that the fourth constraint found there is redundant and can be shown to be a linear combination of (50) − (52). Going one step further we can immediately obtain the parameter choice for which the above action is invariant under connection transformations of the second kind. By simply demanding a vanishing 2 nd contraction (Ψ µ (2) = 0) we get 2a 2 + c 1 2 + 4a 3 + (n + 1)a 5 + (n − 1) 2 c 2 = 0 (53) 5 Recall that the first contraction is defined by Ψ ν (1) := Ψ µν µ 6
The same result was also used earlier in [4] in order to obtain a projective invariant torsion scalar. 4a 1 + 2a 2 − c 1 2 + 2(a 4 + a 5 ) + (n − 1) 2 c 3 = 0 (54)
Similarly, by demanding a vanishing 3 rd contraction (Ψ λ (3) = 0) we obtain the parameter space for the Theory that is invariant under transformations of the 3 rd kind , which reads 2a 2 + 4a 3 + (n + 1)a 5 = 0 (56) 2a 1 + a 2 + a 5 + (n + 1)a 4 = 0 (57) − c 1 + 2c 2 + (n + 1)c 3 = 0 (58)
Notice that there is no restriction on the b ′ i s. This is of course to be expected since the b ′ i s multiply the purely torsional terms and these, and torsion being antisymmetric in its first two indices is insensitive to transformations of the 3 rd kind. From the above exposure, we come to the following conclusions:
1. If the parameters of the action (43) satisfy the set of equations (50)-(52) then the action is invariant under projective transformations (or else transformations of the 1 st kind) of the affine connection and the 1 st contraction of its Γ-variation vanishes identically.
2. If the parameters of the action (43) satisfy the set of equations (53)-(55) then the action is invariant under transformations of the 2 nd kind of the affine connection and the 2 nd contraction of its Γvariation vanishes identically.
3. If the parameters of the action (43) satisfy the set of equations (56)-(58) then the action is invariant under transformations of the 3 nd kind of the affine connection and the 3 nd contraction of its Γvariation vanishes identically.
In addition if we combine all the above restrictions on the parameters we are lead to the following conclusion:
• The general quadratic action (43) is invariant under general vectorial transformations of the connection of the form (21) iff the parameters satisfy the set of equations (50)-(52), (53)-(55) and (56)-(58).
VII. CONCLUSIONS
Non-Riemannian Geometries form the geometric arena in which Metric-Affine Theories of Gravitation live. In this extended geometry, the linear connection and the metric are independent fields and the space is also endowed with torsion and non-metricity on top of curvature. In this context the linear connection and the metric can be transformed independently and is important to have a tool that allows one to explore the invariance of the action (or a functional in general) under a certain group of transformations.
In this paper we presented and proved a Theorem that allows one to obtain invariant functionals (or specifically invariant actions if we are dealing with Gravity) under certain transformations of the affine connection. More specifically, we showed that if a functional is invariant under a certain transformation of the affine connection, its Γ-variation produces a tensor of a particular symmetry. In addition, the nice feature of our Theorem is that it also works backwards, that is if the tensor obtained by the Γ-variation of the functional has a certain symmetry then the initial functional is invariant under a certain transformation of the affine connection. An immediate consequence of the Theorem is that if a functional is invariant under connection transformations of the i−th kind 7 (i = 1, 2, 3) then the i − th contraction of its Γ−variation vanishes and conversely. It also follows that if all of the contractions of the Γ-variation of a functional vanish, the functional is invariant under the general vectorial transformation (21) of the connection. Additionally, if the three traces of of the Γ-variation of the functional are linearly dependent then the later is invariant under a constraint vectorial transformation of the connection of the form (22).
Even though up to this point all the above seem to be only of mathematical interest,we should note that the results find a natural place of application in Metric-Affine Gravity. Indeed, as we showed, when the functional is taken to represent a Gravitational (or matter) action the Theorem can be applied to give us information about the symmetries of the action. As an example of the above we reproduced and also extended the results found in [17] regarding the most general quadratic projective invariant Theory. In addition, we found the most general quadratic (in torsion and non-metricity) whose Γvariation produces a completely traceless tensor in all of its contractions.
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